We give an effective version of the hypotheses of the local-global divisibility problem in elliptic curves over number fields. Let m be a positive integer. In particular we show that the assumption of the validity of the local divisibility by m for all but finitely many primes in the statement of the local-global question can be replaced by the assumption of the validity of the local divisibility by m for a finite number of primes. This number depends only on m and the product bc, where E : y 2 = x 3 + bx + c. Moreover we produce an example showing that those hypotheses are necessary. * Partially supported by Max Planck Institute for Mathematics in Bonn An obstruction to the Hasse Principle 2 details). Moreover the question has been answered for all but finitely many primes p for every K in elliptic curves (see [22] ). There are some partial answers in the case of algebraic tori (see [15] ), in the case of abelian varieties (see [12] and [13] ) and even in the general case of a commutative algebraic group (see [20] ). In addition the problem has been connected with a classical question posed by Cassels on the divisibility of elements of the Tate-Shafarevic group X(K, A) in the Weil-Châtelet group H 1 (Gal(K/K, A(K)),
Introduction
We consider the following question, stated by Dvornicich and Zannier in 2001 (see [9] ) and known as local-global divisibility problem. Problem 1. Let A be a commutative algebraic group defined over a number field K. Let P ∈ A(K) and let m be a positive integer. Assume that for all but finitely many places v ∈ K, there exists D v ∈ A(K v ) such that P = mD v . Is it possible to conclude that there exists D ∈ A(K) such that P = mD?
Many papers have been written about this problem during the last fifteen years. One can easily verify that an answer to the problem for all powers of prime numbers implies an answer for every m. When A is a torus of dimension 1 a classical answer is given by the Grunwald-Wang Theorem. When A is an elliptic curve E, the question has been completely answered over Q. In particular the local-global divisibility holds for all m but the ones divided by the powers p n , with p ∈ {2, 3} and n ≥ 2 (see [9] , [23] , [7] for further The condition H 1 loc (G, E[m]) = 0 is also necessary, not exactly over K, but over a finite extension of K (see [11, Theorem 3] ). So the nontriviality of the first cohomology group
is an obstruction to the validity of the Hasse principle.
The vanishing of H 1 loc (G, E[p n ]) is strongly related to the behaviour of H 1 loc (G p , E[p n ]), where G p is the p-Sylow subgroup of G (see [9] ). Lemma 2.3 (Dvornicich, Zannier) . Let G p be a p-Sylow subgroup of G. An element of
is zero if and only if its restriction to H 1 loc (G p , E[p n ]) is zero.
As stated above, the validity of the Hasse principle for divisibility of points in E has been proved for many integers m. Anyway in all the other papers (of various authors) about the topic, there is no information about the minimal number of places v for which the validity of the local divisibility by an integer m = 5 in E over K v is sufficient to have the global divisibility by p in E over K. When m = 5 and E is an elliptic curve with Weierstrass form y 2 = x 3 + bx or y 2 = x 3 + c, with b, c ∈ Q, minimal bounds are produced in [21] . For the first time, here we show an upper bound for the number of places v, for which the validity of the local divisibility implies the global one, for all m not divisible by every power p n , with p ∈ {2, 3} and n ≥ 2 (and more generally in all the cases when the local-global divisibility holds, even when m is divisible by any power p n , with p ∈ {2, 3} and n ≥ 2).
By Theorem 2.2, the triviality of the first cohomology group H 1 loc (G, E[m]) is a sufficient condition to have an affirmative answer to Problem 1. We have already recalled that by the Chebotarev Density Theorem, the group G v varies over all the cyclic subgroups of G, as v varies among all the places of K, that are unramified in K(E[m]). Observe that in fact we have
where S is a subset of Σ such that G v varies over all cyclic subgroups of G as v varies in S. If we are able to find such a set S, then we can replace the hypotheses of Problem 1 with the assumptions that the local divisibility holds for every v ∈ S. Observe that in particular S is finite (on the contrary Σ is not finite). So it suffices to have that the local divisibility by m holds for a finite number of suitable places to get the global divisibility by m. Of course S varies with respect to m and E. In [21] the minimal possible cardinality of the set S is showed when m = 5 and E is an elliptic curve with Weierstrass form y 2 = x 3 + bx or y 2 = x 3 + c, with b, c ∈ Q. In particular the maximum number N of cyclic subgroups of Gal(K(E[5])/K) is calculated. Then N is used as a lower bound for the number of primes v for which the validity of the local divisibility by 5 assures the global one. In principle we can have a set S, as above, with cardinality N . Anyway it is not immediate to define a suitable set S, by using only this information. In fact, we are not sure that the validity of the local-global divisibility for the first N rational primes, implies the validity of the global one. A priori two different primes among the first N ones, can correspond to the same cyclic Galois group G v . For a general E : y = x 3 +bx+c and a general m, here we will show that one can take
In particular, for every cyclic subgroup C of G, there exists a place v with h(
Moreover, by the Chebotarev Density Theorem, the density 
3 On the height of the abscissas of the m-torsion points of E We briefly recall some basic facts about the height of a rational number and of a polynomial (for further details see [14] and [4] ). We also show how to get a bound for the height of the abscissas of a m-torsion point of E, for every m.
Definition 3.1. Let K be a number field and let α ∈ K. We define the height of α as
Observe that in particular H(v) = v dv d , for every prime v of K. In many cases it is more useful to work with the logarithm of H(α), instead of H(α) itself. For this reason we have the following definition. Definition 3.2. Let K be a number field and let α ∈ K. We define the logarithmic height of α as
There are some basic properties of the logarithmic height that follow immediately by its definition. Proposition 3.3. Let Q be the algebraic closure of Q and let σ ∈ Gal(Q/Q). Let r be a positive integer and let α, β, α 1 , α 2 , ..., α r ∈ Q. Then
There is a classical way of defining the height of a polynomial too. Definition 3.4. Let K be a number field and let f (x) ∈ K [x] , such that
We define the height of f as
and the logarithmic height of f as
For every algebraic integer α ∈ K, we denote by f α its minimal polynomial. Observe that for every non-archimedean place v of K, we have max i |a i | v = 1; otherwise all the coefficients of f α are divisible by v, contraddicting the minimality of the polynomial.
Then, in the particular case of the minimal polynomial of an algebraic integer we have
There is the following relation between the logarithmic height of α and the logarithmic
We deduce
In the case when α is one of the abscissas of the m-torsion points of E, the minimal polynomial of α divides the mth division polynomial Ψ m of E (i.e. the polynomial whose roots are the abscissas of the m-torsion points of E). We recall that deg Ψ m = m 2 − 1 2 . In this case, there is the following uniform bound for the coefficients |a i | of Ψ m , for every [18, equation (6) , pag. 769]). a i x i be the mth division polynomial of E. Then
Observe that the bound in (3.4) does not depend on i. So, in particular, it holds for max i |a i |. If we take logarithms in equation (3.4), then we get
and, in particular, whenever α is the abscissas of a m-torsion point of E. Observe that if m ≥ 3, then log 2 < log m. Moreover log π ≤ 3 2 . Thus we have showed the following useful bound (3.8).
Lemma 3.6. Let E be an elliptic curve defined over a number field K. Let α be the abscissas of a m-torsion of E and let h(α) denote its logarithmic height. Then
for every m ≥ 3.
An effective bound for the hypotheses of the local divisibility
In Section 2 we mentioned that by the Chebotarev Density Theorem the group Gal(F w /K v )
varies among all but finitely many places v of K. Indeed we recall that famous theorem. 
In addition, in their very recent paper [1] , the aurthors show this more explicit result. 
We will prove the following statement. 
Observe that if K = Q and L = Q(E[m]), with m ≥ 3, we have N K/Q (v) = v and D L/K = D L/Q . Thus, as a consequence of Theorem 4.4, together withTheorem 4.3 and the inequality (4.1), we can reformulate the statement of Problem 1 as follows.
Problem. Let E : y 2 = x 3 +bx+c be an elliptic curve defined over Q and let
Is it possible to conclude that there exists D ∈ A(K) such that P = mD? 
Let P ∈ E(K) and assume that for all places v ∈ K, such that h(v) ≤ B(m, bc) 12577 , but at most some of them with density δ < 1
We will give an alternative bound to h(|D L/K |), for every m = p n , where p is an odd prime number, by using the following result proved in [2] . 2) If m is an even number, then
In addition to Theorem 4.4, we will prove the following statements. 
Theorem 4.8. Let E be an elliptic curve defined over a number field K. Let r ≥ 2 be a positive integer and let D L the discriminat of the extension L :
Observe that the bounds appearing in Theorem 4.7 and in Theorem 4.8 are smaller than the one appearing in Theorem 4.4, produced by using the classical generating system of E[m]. The only problem for powers 2 r , with r ≥ 2, is that the set {x 1 , ζ 2 r , y 2 } is not always a generating system for E[2 r ]. Anyway, we will show in next section that at least for m = 4 we have such a generating system for E [4] and we can use the bound
As in the case of Theorem 4.4, we have the following consequences of Theorem 4.7 and respectively Theorem 4.8.
Corollary 4.9. Let E : y 2 = x 3 +bx+c be an elliptic curve defined over Q. Let P ∈ E(K) and let m = p r , where p > 3 is an odd prime and r is a positive integer. Let
and assume that for all places
Then there exists D ∈ A(K) such that P = p r D. , there exists
Of course we can also reformulate the statement of Problem 
then the discriminant of E/K is given by
(see for instance [16] or [3] ). If L = EF is the compositum of two fields linearly disjoint over K, we have
(see for instance [17] ). Moreover we recall that disc(
Proof of Theorem 4.4. It is well-known that K(E[m]) = K(x 1 , x 2 , y 1 , y 2 ). To extimate |D L |, we use (4.5) and (4.6). We denote by F 1 , F 2 the fields K(x 1 ) and respectively K(x 2 ). By F 3 we denote the field K(x 1 , x 2 , y 1 ). First of all we have to bound the discriminant of the extension F 1 /K. Since this extension is monogeneous, we have to bound the discriminant of the minimal polynomial of x 1 , which divides the mth division
, if m is even
, if m is odd (see [24] , where Ψ m is denoted by B * n , and see also [25] ). Thus
Similarly, we have
, if m is odd (4.8)
If F 1 and F 2 are linearly disjoint over K, then, by (4.6), we have 
if m is odd (4.9)
If F 1 and F 2 are not linearly disjoint over K, then, by (4.5), we have
in any case. The norm N F1/K (D F2/F1 ) is equal to the product of the conjugates σ(D F2/F1 ), as σ varies in Gal(F 1 /K). If we calculate the logarithmic height of D F1F2/K , then, by part iv. of Proposition 3.3, we have again
and the same bound (4.9)
if m is odd So we can use the bound (4.9) in any case.
We must extimate the norm of D F3/F1F2 and the norm of D L/F1F2 . Since F 3 contains
Galois group Gal(F 3 /F 1 F 2 ) is generated by the automorphism of the m-torsion points of E sending y 1 to −y 1 (and fixing x 1 ). Then
As for the extensions generated by the abscissas x 1 and x 2 over K, one can easily see that we can assume without loss of generality that F 3 and F 1 F 2 (y 2 ) are linearly disjoint
, there is such a relation between the discriminant of L/K and the ones of F 1 F 2 /K and
The norm N F1F2/K (D L/F1F2 ) is the product of the conjugates of
We now use (3.8) 
In order to give a more elegant bound, one can observe that log 2 ≤ log m and 1 ≤ log m, for every m ≥ 3. Then
(4.10)
Obviously, the last bound can be also expressed in this way
Putting together all those considerations and using again that log 2 ≤ log m, for m ≥ 3
odd and that log m ≤ (m 2 − 1)(m 2 − 3) log m we deduce Proof of Theorem 4.7. For every p (both odd and even), we consider the extension L = K(x 1 , ζ p r , y 2 ). We denote by F the intermediate extension K(x 1 , ζ p r ). First of all we have to bound the discriminant of K(x 1 )/K. Since this extension is monogeneous, as in the proof of Theorem 4.4, we have to bound the discriminant of the p r th division polynomial Ψ p r of E. As above, we have
if p is odd (see [24] and see also [25] ). Thus to ±p c , with c = p r−1 (pr−r−1) (see for instance [16] ). Recall that [K(x 1 ) : K] ≤ p 2r − 1 2 and [K(ζ p r ) : K] = ϕ(p r ) = p r−1 (p − 1). By (4.6), we have 
By
). Putting all together, if p = 2, then
Observe that p 2r −3 Recall that, by (3.8), we have
In addition, by (4.11), log |∆| ≤ 4 log 2 + 3 log 2 + 3 log 3 + log |bc| ≤ 10 log 3 + log |bc|.
Therefore
Since
≤ r(p r − 1) and log 2 ≤ log p, for every We can proceed as in the proof of Theorem 4.7 for p = 2, with the only difference that |D K(x1)/K | is bounded in the following way
.
Then
Observe that r2 2r−1 + 2 − 2 2r ≤ r2 2r . Moreover, we can use again h(x 2 ) ≤ 3(2 2r − 1) 2 log 2 r + 2 r − 3 2 and log |∆| ≤ 4 log 2 + 3 log 2 + 3 log 3 + log |bc| ≤ 10 log 3 + log |bc|.
Thus h(|D L/Q |) ≤r2 2r log 2 + 2 2r−2 (2 2r−1 + 1) 3 (10 log 3 + log |bc|)
=r2 2r log 2 + 2 2r−2 (2 2r−1 + 1) 3 (10 log 3 + log |bc|)
We want to give a more elegant bound, even if a bit larger. Concerning the addenda in the last sum in which log 2 appears, we observe that all of 2 2r , 2 r−1 2 2r −1 2 , 2 r+1 and 2 r (2 r+1 − 1)(2 2r − 1) are less or equal than 2 4r+1 . Concerning the addenda in which log 3 appears, we note that 2 2r−2 (2 2r−1 +1) 3 ≤ 2 4r−3 ≤ 2 4r+1 and, obviously, 1 < 2 4r+1 and 10 3 + 1 < 5. Similarly, regarding the addenda in in which log |bc| appears, we can notice that 
Existence of pseudodivisible points
We consider elliptic curves defined over Q, in Weierstrass form H be the kernel of the reduction modulo 2 of the matrices in G. In [9] the authors prove that when H has dimension 4 as vector space over F 2 , then the local-global divisibility by 4 holds in E over Q. Thus the conclusion of Corollary 4.5 holds in this case. In this section we will firstly prove that one can also apply Corollary 4.10 since Q(E [4] ) satisfies the required hypothesis. Then we will produce an example of an elliptic curve as in (5.1) with a point P , locally divisible by 4 for infinitely many primes but not globally divisible by 4. We will show that the prime numbers for which the local divisibility fails is indeed
, contraddicting the hypotheses of Corollary 4.5 and Corollary 4.10.
The point P is then a pseudodivisible point.
It is known that for an elliptic curve with Weierstrass equation as in (5.1) we have [10] ). We are going to prove the following consequence of Theorem 4.8. 
and
(see for instance [10] ). In particular A := 2A ′ = (α, 0) and B := 2B ′ = (β, 0). In-
Observe that by calculating
In particular we have proved that for m = 4 we can use the bound appearing in Theorem 4.8 and Corollary 4.10, that is h(|D L/Q |) ≤ 2 4r+1 log(3 9r+6 |bc|), with r = 2, i.e.
h(|D L/Q |) ≤ 2 9 log(3 22 |bc|).
We now look for a pseudodivisible point. Let F 2 be the field with 2 elements and let G be the subgroup of GL 2 (F 2 ) generated by the matrices
We have σ 1 = σ(1, 0, 0, 0), σ 2 = σ(0, 1, 0, 0), σ 3 = σ(0, 0, 1, 0), σ 4 = σ(0, 0, 0, 1). We still denote by σ i the element in Gal(Q(E[4])/Q) corresponding to σ i , for every i. One can easily verify that G ≃ (F 2 ) 4 and that G = G p = H. For i ∈ {1, 2, 3, 4} we have that Z σi satisfies the local conditions. Anyway there are some σ ∈ G such that Z σ does not satisfy the local conditions. For instance we have σ(1, 0, 0, 1) = 1 0 2 −1 and then
for every (α, β) ∈ Z/4Z. Thus σ(1, 0, 0, 1) does not satisfy the local condition and {Z σ } σ∈G does not define a class in H 1 loc (G, E [4] ). In a similar way one can verify that Z σ(0,1,0,1) , Z σ(0,0,1,1) , Z σ(1,1,0,1) and Z σ(1,0,1,1) are the only other images of the cocycle Z that do not satisfy the local conditions. Since Z σi satisfies the local condition, for every i ∈ {1, 2, 3, 4} we search anyway for a point D ∈ E(Q), such that Z σi = σ i (D) − D, for every i ∈ {1, 2, 3, 4}. We should find a point P = 4D which is locally divisible by 4 in infinitely many p-adic fields (this is assured by the holding local conditions for σ i , i = 1, ..., 4) but which is not global divisible by 4. We expect that the local-global divisibility should fail for a point P arising from this cocycle, even if P is locally divisible for an infinite number of primes. We will show that this is indeed the case and that in particular the density of primes for which the local divisibility fails is greater than 1 |G| .
Notice that the density of primes for which the local divisibility fails is indeed 4 16 = 0, 25, since the local conditions are not satisfied only by the following 4 images of the cocycle Z: Z σ(1,0,0,1) , Z σ(0,1,0,1) , Z σ(0,0,1,1) and Z σ(1,0,1,1) .
Let A ′ , B ′ as above. To find a suitable elliptic curve E, with G = σ 1 , s 2 , σ 3 , σ 4 , we require that the columns of σ i are σ i (A ′ ) and σ i (B ′ ), for i = 1, ..., 4. We have
By a bit of calculations, one can verify
Regarding
Finally σ 4 (A ′ ) = −A ′ and σ 4 (B ′ ) = B ′ , implying
where K σ1,σ2,σ3 4 denotes the field fixed by σ 1 , σ 2 , σ 3 . We have K σ1,σ2,σ3 4 = Q( (α − β)(β − γ)).
Let (α − β)(β − γ) = δω 2 , with δ, ω ∈ Q and δ squarefree. We have D = (u, v), where
By a computation showed in [10] , the points D corresponds to points (s, t) satisfying the equation
In particular u 1 = s/2, u 0 = (t 2 δ − α)/2 and v = t √ δ(u − α).
We have to choose α, β, γ such that [K 4 : Q] = 16. We set α = 9, β = 6 and γ = −15.
. Moreover δ = 7.
Thus the curve E has equation 
The 16 abscissas of the 4-divisors of P are the following: None of the 4-divisors of P has coordinates in Q. Thus P is not globally divisible by 4 over Q.
Anyway, as stated above, P is divisible by 4 in Q p for infinitely many prime numbers p. We are going to calculate the density δ of prime numbers < 1000 for which the local divisibility fails, showing that indeed it is greater than the one appering in Theorem 4.4
and in Theorem 4.8. In particular we will show that δ = 0, 26 and then it basically coincides with the one 4 16 = 0, 25 calculated above. To know if a 4-divisor of P has coordinates in Q p , for any prime number p, we can use the quadratic reciprocity law.
For any integer m, as usual we denote the Legendre symbol by m p . Thus, accordingly to the roots of ϕ 4 (x) as above and the respective ordinates, we should have that at least one of the following cases hold i) 7 p = 1
ii) −1 p = 1 and 3 p = 1
iii) 2 p = 1 and −3 p = 1 iv) 2 p = 1 and 21 p = 1
i.e. i) p ≡ ±1, ±3, ±9 (mod 28)
ii) p ≡ 1 (mod 4) p ≡ ±1 (mod 12)
iii)
p ≡ 1 (mod 3) p ≡ ±1 (mod 8) iv) p ≡ ±1 (mod 8) p ≡ −1, ±5, ±17, ±25, ±37, ±41 (mod 84)
By considering the solutions of the above equations or even by using a software of computational algebra (as for instance PARI), one can verify that the equation ϕ 4 (x) = 0 has a solution in Q p for the following 124 primes p < 1000: 2, 3, 7, 13, 17, 19, 29, 31, 37, 41, 47, 53, 59, 61, 73, 79, 83, 89, 97, 103, 109, 113, 127, 131, 137, 139, 149, 151, 157, 167, 181, 193, 197, 199, 223, 227, 229, 233, 241, 251, 257, 271, 277, 281, 283, 307, 311, 313, 317, 337, 349, 353, 367, 373, 383, 389, 397, 401, 409, 419, 421, 433, 439, 449, 457, 463, 467, 479, 487, 503, 521, 523, 541, 557, 563, 569 In the same ways one can verify that instead the equation ϕ 4 (x) = 0 has no solution in Q p for the following 44 primes p < 1000: 5, 11, 23, 43, 67, 71, 101, 107, 163, 173, 179, 191, 211, 239, 263, 269, 293, 331, 347, 359, 379, 431, 443, 461, 491, 499, 509, 547, 571, 599, 659, 677, 683, 739, 743, 773, 797, 827, 863 , 883, 907, 911, 941, 947.
The density of primes p < 100 for which we have no solution is then 44 168 ∼ 0, 26. This corresponds to the density calculated by the number of cocycles not satisfying the local conditions and it is greater than the density 1 |G| = 1 16 = 0, 0625.
